
A	horizontal	circular	annulus	oscillates	in	a	
stra0fied	fluid	of	frequency	N	and	viscosity	ν	

• Genera0on	parameters	

• Propaga0on	parameters	

• Focusing	results	from	horizontal	curvature,	making	
it	robust	to	lacks	of	axisymmetry	or	criticality	

• Theory	for	the	full	torus	is	confirmed	by	experiment	

• To	explore	higher	St	leading	to	bimodal	waves	with	
smaller	structures	and	higher	slopes,	we	move	on	
to	the	Coriolis	platform	

Each	cross-section	admits	a	2D	representation	as	a	source	of	mass	

At	large	aspect	ratio	(ε	»	1),	this	representation	remains	valid	for	the	annulus	

Separate	expansions	at	the	global	scale	b	of	the	annulus	and	local	scale	a	of	
the	cross-sections	lead	to	a	uniform	expression	of	the	waves	in	terms	of	the	
Fourier	components	of	the	forcing	

The	vertical	velocity	follows	as	(and	similarly	for	the	other	components)	

with

Geometric	focusing	of	internal	waves	–	A	linear	theory
Bruno	Voisin

Non-axisymmetric	torus

Axisymmetric	torus

Perspectives

(Duran-Matute	et	al.	PRE	2014)

Theoretical	outlineMotivations

• A	3D	mechanism	of	energy	concentration	
• Operating	in	the	fluid	interior	
• Oceanic	ridges	are	often	curved

Ver0cal	velocity
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Focusing	remains	present	for	partial	or	oblique	annuli

Focusing	yields	significant	wave	slope	even	at	low	oscillation	amplitude	Ke

Isopycnic	slope
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𝑞(𝑥, 𝑦, 𝑧) = ቆ𝑢଴
𝜕
𝜕𝑥 + 𝑣଴

𝜕
𝜕𝑦ቇ𝑓(𝑟h − 𝑏, 𝑧; 𝜑) + 𝑤଴

𝜕
𝜕𝑧𝑔(𝑟h − 𝑏, 𝑧; 𝜑)

𝑤 = 𝑏
4 cosଶ 𝜃eିiఠ௧ sign 𝑧
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d𝜅𝜅ଶ𝐴௡(𝜅) expቆ−

𝛽𝜅ଷ|𝑧|
cos𝜃 ቇ 𝐽௡(𝜅𝑟h cos𝜃) exp(−i𝜅|𝑧| sin𝜃)

𝜃 = arccos ൬𝜔𝑁൰ , 𝛽 = 𝜈
2𝜔 tan𝜃

ε	=	9,		Ω	=	0.8	
St	=	120,		Ke	=	0.2

ε	=	10,		h/a	=	0.2,		Ω	=	0.4	
St	=	∞,		Ke	=	0.04

Tore	Seamount

Luzon	Strait

𝑞(𝑥, 𝑧) = (1 + i tan𝜃)𝑢଴
𝑥
𝑎𝛿 ቀඥ𝑥

ଶ + 𝑧ଶ − 𝑎ቁ

𝑞(𝑥, 𝑧) ≡ ∇⋅𝒖 = 𝑢଴
𝜕
𝜕𝑥𝑓(𝑥, 𝑧) + 𝑤଴

𝜕
𝜕𝑧𝑔(𝑥, 𝑧)

Gaussian	ring

Focusing	remains	present	for	subcritical	forcing
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(Bühler	&	Muller	JFM	2007;	
Grisouard	&	Bühler	JFM	2012)

𝑞(𝑥, 𝑧) = 2𝑢଴ℎ𝛿(𝑧)
𝜕
𝜕𝑥 expቆ− 𝑥ଶ

2𝑎ଶ ቇ

𝜖 = 𝑏
𝑎 , � = 𝜔

𝑁 , St = 𝜔𝑎ଶ
𝜈 , Ke = |𝒖଴|
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𝑓(c,s)௡ (𝑘,𝑚) = 1
2π න
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d𝜑𝑓(𝑥, 𝑧; 𝜑)(cos, sin)(𝑘𝑥) exp(−i𝑚𝑧)eିi௡ఝ

𝐴௡(𝜅) = −2i𝑤଴ sin𝜃 sign 𝑧 ቂ𝐽௡(𝜅𝑏 cos𝜃)𝑔(c)௡ − 𝑌௡(𝜅𝑏 cos𝜃)𝑔(s)௡ ቃ (𝜅 cos𝜃,−𝜅 sin𝜃 sign 𝑧)

+෍
±
(i𝑣଴ ± 𝑢଴) cos𝜃 ቂ𝐽௡±ଵ(𝜅𝑏 cos𝜃)𝑓(c)௡±ଵ − 𝑌௡±ଵ(𝜅𝑏 cos𝜃)𝑓(s)௡±ଵቃ (𝜅 cos𝜃,−𝜅 sin𝜃 sign 𝑧)
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(Ermanyuk,	Shmakova	&	Flór	submi,ed	to	JFM)

Ver0cal	velocity Isopycnic	slope


